CURVATURE ESTIMATES FOR MINIMAL SUBMANIFOLDS OF 

HIGHER CODIMENSION 



Y. L. XIN AND LING YANG 



Abstract. We derive curvature estimates for minimal submanifolds in Euclidean 
space for arbitrary dimension and codimension via Gauss map. Thus, Schoen- 
Simon-Yau's results and Ecker-Huisken's results are generalized to higher codi- 
mension. In this way we improve Hildebrandt-Jost-Widman's result for the Bern- 
stein type theorem. 



1. Introduction 



Let / be a smooth function on an open domain Q C MJ^. If / satisfies the minimal 
surface equation, it defines a minimal hypersurface M in ]R"+^.If / is an entire so- 
lution to the equation, / must be an affine linear function for n < 7 whose graph is 
a hyperplane . Those are the classical Bernstein theorem [2] and its higher dimen- 
sional generalizations which was finally proved by J. Simons [21] . Counterexamples 
to the theorems for n > 8 were given by Bombeiri-De Gorge-Guisti [1]. 

Heinze [11] considered the minimal graph defined over a disc C and gave 
curvature estimates. The classical Benstein theorem can be obtained by letting 
R —>■ +00 in his curvature estimates. 

For general minimal surface in Euclidean space, so-called parametric case, the 
Beinstein type results are closely related to the value distribution of the Gauss 
image. The work of Osserman-Xavier-Fujimoto [18] [25] [8] has settled the question 
of the value of Gauss map for complete minimal surfaces in M^. 

A minimal graph is area-minimizing, in particular, it is stable in the sense that 
its second variation of the volume is non-negative on any compact subset of M. 
Any stable minimal surface in is a plane, due to Fisher- Colbrie- Schoen and do 
Carmo-Peng [7] [5]. But, for higher dimensional stable hypersurfaces Cao-Shen-Zhu 
proved that they have only one end [3]. 

For stable minimal hypersurfaces, Schoen-Simon-Yau gave curvature estimates, 
which not only gave us a direct proof for Bernstein type theorems for t?, < 5 dimen- 
sional minimal graphs, but also gave us a new method to obtain curvature estimates. 
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For any n > 2, there is a weak version of the Bernstein type theorem. It was J. 
Moser [16] who proved that the entire solution / to the minimal surface equation is 
affine linear, provided |V/| is uniformly bounded. There is no dimension limitation. 
By a geometric approach Ecker-Huisken [10] obtained the curvature estimates, as a 
conclusion Moser 's result has been improved for the controlled growth of |V/|. 

For area-minimizing hypersurfaces with vanishing first Betti number , Solomom 
[23] was able to give curvature estimates under the hypotheses of Gauss map. 

Higher codimensional Bernstein problem becomes more complicated. There is a 
counterexample given by Lawson-Osserman [14]. On the other hand, Hildebrandt- 
Jost-Widman [12] generahzed Moser's result to higher codimension as follows. 

Theorem 1.1. Let z'^ = /"(x), a = 1, • • • , m, x = {x^,- ■ ■ ,x'^) E W be the 
solution to the system of minimal surface equations. Let there exist P, where 

_„ / TT \ \1 if p = 1 . . . 

[27^)^ ""^[2 ^f p>2 ' ^ = 

such that for any x G M", 

Afix) = {det{6,, + f'Ax)f:,ix))}'^ < /?, 

then • • • , are affine linear functions on M", whose graph is affine n— plane in 



The geometric meaning of the condition in the above theorem is that the image 
under the Gauss map lies in a closed subset of an open geodesic ball of the radius 
-^TT. Later in a joint work of the first author with J. Jost [13] we found larger 
geodesic convex set Bjx{Po), where Pq denotes a fixed n— plane, and then improved 
the above theorem. Our bound of slope is 2, big than cos~^ ( 2^^^ ) ' should 
be noted that although Bjx{Po) D (-^o), they have some common boundary 

points. 

Recently, the first author and his collaborators [28] [22] studied complete minimal 
submanifolds with flat normal bundle and positive w— function. In this special 
situation, the Schoen-Simon-Yau type curvature estimates and the Ecker-Huisken 
type curvature estimates can be carried out, then the corresponding Bernstein type 
theorems follow immediately. 

In this paper we study a complete minimal submanifold M in ]R"^+" with the 
codimension m > 2. We have a Bochner type formula for the squared norm of the 
second fundamental form B. As in the codimension one case, we need a Kato type 
inequality for |Vi?p in terms of |V|-B|p. This is one of the crucial issue in the 
curvature estimates. We derive it for any codimension in §2. 

Since the curved normal bundle, the curvature estimates would be more delicate. 
We can define Gauss map from M to the Grassmannian manifold Gn,m- From 
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the counterexample of Lawson-Osserman, some additional conditions are needed 
to study higher codimensional Bernstein problem. The adequate conditions would 
confine the image of the Gauss map, as in the previous work of Osserman-Xavier- 
Fujimoto in dimension 2 and in the work of Solomon in higher dimension. Now, 
in general dimension and codimension, we assume that the image under the Gauss 
map lies in an open geodesic ball of radius ^tt in Gn,m which is the largest convex 
geodesic ball in Grassmannian. We find two auxiliary functions hi and /i2 on M via 
Gauss map. The precise definition and their properties can be found in §3. 

(3.4) shows that hi can be viewed as a generalized support function. With the 
aid of the function hi, we can derive a "strong stability inequality" which enables 
us to carry out the curvature estimates of Schoen-Simon-Yau type. 

Using the function /i2 we can find subharmonic functions on M and carry out the 
curvature estimates of Ecker-Huisken type in terms of /12. 

By those curvature estimates we can obtain the following Bernstein type theo- 
rems. 

Theorem 1.2. Let M be a complete minimal n-submanifold in (^n < 6). If 

the Gauss image of M is contained in an open geodesic ball of Gn^m centered at Pq 
and of radius then M has to be an affine linear subspace. 

Theorem 1.3. Let M be a complete minimal n-submanifold in M""*""*. If the Gauss 
image of M is contained in an open geodesic ball of Gn,m centered at Pq and of 
radius -^tt, and (-^tt — p o 7) has growth 

(1.1) {y^n-po^)-' = o{R), 

where p denotes the distance on G„,m from Pq and R is the Euclidean distance from 
any point in M. Then M has to be an affine linear subspace. 

In general, if there is neither dimension limitation as in Theorem 1.2 nor the 
growth assumption as in Theorem 1.3, we conclude that M has only one end which 
is a consequence of the " strong stability inequality" . 

Our Theorem 1.2 and Theorem 1.3 are closely related to Theorem 1.1 mentioned 
above. Our results are higher codimensional generalizations of Schoen-Simon-Yau's 
results and Ecker-Huisken's results, and improve Hildebrandt-Jost-Widman's theo- 
rem. 

It is worthy to note that our method is also suitable for codimension one case. 
We only need to modify the auxiliary functions hi and /i2 in order to recover the 
known results for minimal hypersurfaces. 
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2. A Kato-Type Formula 

Let M — > M be an isometric immersion with the second fundamental form B, 
which can be viewed as a cross-section of the vector bundle Hom(0^TM, NM) over 
M, where TM and NM denote the tangent bundle and the normal bundle along 
M, respectively. A connection on Hom(0^rM, NM) can be induced from those of 
TM and NM naturally. 

For u G r(AM) the shape operator A'^ : TM TM satisfies 

{BxY,i^) = {A''{X),Y). 

We define the mean curvature H to be the trace of the second fundamental form. 
It is a normal vector field on M in M. 

The second fundamental form, curvature tensor of the submanifold, curvature 
tensor of the normal bundle and that of the ambient manifold satisfy the Gauss 
equations, the Codazzi equations and the Ricci equations as follows. 

{RxyZ, W) = (RxyZ, W) - {Bxw, Byz) + {Bxz, Byw) , 

{VxB)yz - {VyB)xz = -{RxyZf, 

{RxYfJ-, = {RxYfJ-, + {Bxe, , /U) (Bye, , J^) " {Bxe, , 1^) {Bye, , fJ-) , 

where {cj} is a local orthonormal frame field of M; X, Y and Z are tangent vec- 
tor fields; iJ,, V are normal vector fields in M. Here and in the sequel we use the 
summation convention and agree the range of indices: 

1 < ^, j, s, f < n; 1 < a, 7 < m; 1 < a, 6, c < m -|- n. 

There is the trace-Laplace operator acting on any cross-section of a Riemann- 
ian vector bundle E over M. 

Now, we consider a minimal submanifold M of dimension n in Euclidean (m-|-n)- 
space M"^+" with m > 2. We have (see [21]) 

(2.1) V^B = -B-B. 

We recall the following notations: 

B'^^BoB^oB, 
where S* is the conjugate map of B; 

m 

^XY = 5^ {BA''aA''c(X)Y + Bx A''cA''a{Y) — 2 B A'^a (x) A'^o (Y)) , 
a=l 

where Va ^-re basis vectors of normal space. It is obvious that Bxy is symmetric 
in X and Y, which is a cross-section of the bundle Hom(0^rM, NM) . Simons also 
gave an estimate [21] 

(g + B,B)<(2-i)|Br. 



CURVATURE ESTIMATES FOR MINIMAL SUBMANIFOLDS 

It is optimal for the codimension m — 1. 

In the case when m > 2, there is a refined estimate [15] [6] 



B + B,B) < ^\B\\ 



Substituting it into (2.1) gives 



{V'B,B)>-^-\B\\ 

It follows that 

(2.2) A|S|2 > -3|5|^ + 2|VS|l 

We need a Kato-type inequality in order to use the formula (2.2). Namely, we 
would estimate |V-Bp in terms of |V|-B|p. Schocn- Simon- Yau [20] did such an esti- 
mate for codimension m = 1. For any m with flat normal bundle their technique is 
also applicable, see the previous paper of the first author [28]. The following lemma 
is a generalized version of their estimate for any codimension m. 

Lemma 2.1. 

(2.3) \VB\^>(1 + —)\V\B\\\ 

Proof. It is sufficient for us to prove the inequality at the points where \B\'^ ^ 0. 
Choose a local orthonormal tangent frame field {ei, ■ ■ ■ , e„} and a local orthonormal 
normal frame field {I'l, ■ ■ ■ , Um} of M near the considered point x, such that 

(2.4) Ve,e,(x) =0, Ve,//a(x) = 0, 

Denote the shape operator A" — A"^". Then obviously = \A°'\'^ and 

a 

1 



Therefore 



2 



V\B\ 



4|5|2 - 







|2 2 




2 



Since |S|2 0, there exist 7, A;, / such that h^ki 7^ 0, where haij = {Baej, ^a) for 
arbitrary a, i, j; then 
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Obviously, there exists an m x m orthogonal matrix U and z — {zi, - • ■ ,Zm) £ K"*, 
such that 

7^ for every 1 < a < m 

and 

Now we define Ua = U^vp^ then {i>i, • • • , z/^} is also a local orthogonal normal frame 
field, satisfying (2.4); and moreover 

hakl = {Be^.ei, i'a) = U^hj^kl = Za^ 

Define the shape operator A" corresponding to z/q,, then 

Hence we can assume > for arbitrary a without loss of generality. 

Let 1 < 7 < m such that 



lA^P a \A 



then from (2.5), 



I , ,i2 

(2.6) V|S| < — 



4|A^|2 ■ 

lA^l"^ and V|A'''p is independent of the choice of {ci, ■ ■ ■ , e„}, then without loss of 
generality we can assume h^ij = whenever i j. Then 

— 2 ^ ^ ^ ^ h^ijhjijkBk — 2 ^ ^ ^ ^ h^iihjiikCk, 

k i,j k i 



i7i2"s;:^ ?, 



and 



Vl^ll ^ .14712 ' <mJ2h',uk 



ilk I'it 



4|A7|2 



,2. 



= m J] /i^ .^^ + ^ ^ /i^^. . .)2 
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(2-7) = nmJ^JAiki, 

where we used the Codazzi equations and the vanishing mean curvature condition 
H — 0. Please note that haijk — {(^ekB)ei,ej, ^a) for arbitrary a,i,j, k. 

On the other hand, a direct calculation shows 

|V|i?p| = 1 2 hgijhgijk^kl^ — 4 haijhaijkhissthisstk, 



k a,i,j a,P,i,j,s,t,k 
|2| 



iVBr - \V\B\\ = \VB\ 



> 



/ . "'aijk l2 
a,i,j,k ^P,s,t "-/Sst 

Z^/3,iytj,s,t,k "'^ijk"'l3st ^ l^o.,s+t,i,3,k "^jstk"'. 



2 

aij 



(2.8) = 2j2h' 



■yiki' 

i^k 



In conjunction with (2.7), we finally arrive at (2.3). □ 

Hence it follows from (2.2) and (2.3) that 
(2.9) AISP > 2(1 + — )|V|5||^ -3|B|^ 



3. Auxiliary Functions via Gauss Maps 



Let be an (m + n) -dimensional Euclidean space. All oriented n-subspaces 

constitute the Grassmannian manifold Qtn,mi which is an irreducible symmetric space 
of compact type. The canonical Riemannian metric on Qtn,m can be expressed in 
the following way. 

Let {cj, e„_|_o,} be a local orthonormal frame field in ]R"^+"'. Let {(Jj, a;„+cK} be the 
dual frame field so that the Euclidean metric is 

i a 



8 



Y.L. XIN AND LING YANG 



The Levi-Civita connection forms Uab of ]R"*+'* are uniquely determined by the equa- 
tions 

dUa = COab A UJb, 

Let P e Gn,m be any point which is spanned by {ei, • • • , e„}, then the canonical 
Riemannian metric on G„ rn can be written as 



(3.1) ds'^Yl 



The sectional curvature of the above canonical metric varies in the interval [0, 2] in 
the case of min{n, m} > 2. By the standard Hessian comparison theorem we have 

(3.2) Hess(p) > a/2 cot{V2p){g -dp® dp), 

where p is the distance function from a fixed point in G^^^ and g is the metric tensor 

on Gn^rn- 

Let be the origin of M'""'""^. Let SO{m + n) be the Lie group consisting of all the 
orthonormal frames (0; Cj, e„+Q,). Let P — {(x; ei, e„) : x & M,ei & T^M} be the 
principal bundle of orthonormal tangent frames over M,Q — {(x; e„+i, e„+^) : 
X G M, Cn+a G NxM} be the principal bundle of orthonormal normal frames over 
M, then vf : P © Q ^ M is the projection with fiber SO{m) x SO{n), i: P®Q^ 
SO{m + n) is the natural inclusion. 

The Gauss map 7 : M — >• Gn,m is defined by 

7(x) = T^M e Gn,m 

via the parallel translation in ]R"*+" for Vx e M. Thus, the following commutative 
diagram holds 

P®Q SO{m + n) 



M — > Gn^m 

From the above diagram we know that the energy density of the Gauss map (see 
[26] Chap.3, §3.1) 

Ruh-Vilms proved that the mean curvature vector of M is parallel if and only if its 
Gauss map is a harmonic map [19]. 

We consider smooth functions on an open geodesic ball (Pq) C Gnm of 
radius ^tt and centered at Pq. Those are useful for our curvature estimates later. 
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Let 

u — cos(-\/2p), 

where p is the distance function from Pq in Gn,m- We have 

u' = -V2sm{V2p), 
u" = -2cos(V2p). 

Then, 

Hess(ii) = M'Hess(p) + u"dp ® dp 

< —2 cos(V^p)(g — dp® dp) — 2 cos(V^p)dp ®dp— —2ug. 

The composition function /ii = M07 of m with the Gauss map 7 defines a function 
on M. Using the composition formula, we have 

A/ii = Hess(-u)(7*ej,7*ej) + o?ti(r(7)) 



where r(7) is the tension field of the Gauss map, which is zero, provided M has 
parallel mean curvature by the Ruh-Vilms theorem mentioned above. 

Let 

h = sec^{V2p), 

where p is the distance function from Pq in Gn,m- We have 

h' = 2v^sec^(V2p) tan(V2p), 

h" — 12 sec^ (y2p)tan2(V2p) +4 sec^(V2p). 

Hence, 

Hess(/i) = /i'Hess(p) + h"dp dp 

> 4 sec^(A/2p)(£? - (ip (g) dp) 

+ (^12 sec^(^p) tan^( V2p) + 4 sec^( V2p)) c/p ® dp 

3 

^Ahg + -h~'^dh ® dh 

The composition function hi — ho^ oih with the Gauss map 7 defines a function 
on M. Using the composition formula, we have 

A/i2 = Hess(/i) (7*64,7*64) + dh{T{'y)) 

where t(7) is the tension field of the Gauss map, which is zero in our consideration. 
With the aid of /z-i, we immediately have the following lemma. 
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Lemma 3.1. Let M be an n-dimensional minimal suhmanifold ofM"'^'^ (M needs 
not he complete), if the Gauss image of M is contained in an open geodesic ball of 
radius ^tt in Gn,m, then we have 

(3.6) / |V0p*l >2 / 

Jm Jm 

for any function with compact support D C M. 
Proof. Let 

L0 = -A0-2|S|V 
Its first eigenvalue with the Dirichlet boundary condition in D is Ai and the corre- 
sponding cigcnfunction is v. Without loss of generality, we assume that v achieves 
the positive maximum. Consider a function 

hi 

Since flgo — 0, it achieves the positive maximum at a point x & D. Therefore, at 



X, 



It follows that 



V/ = 0, A/ < 0. 

Av = A(//ii) = A/ • /ii + fAhi + 2V/ • V/ii 
vAhi 



< fAh^ 



Namely, at x, 



hi 



Av ^ Ahi 



V hi 

h 



, Av + 2\B?v A/ii + 2|SP/ii 
3.7 < ' ' < 0. 

V 

On the other hand, 

(3.8) ^v^m^v^_^^ 

V 

(3.7) and (3.8) imphes Ai > 0. Hence we have 

< Ai = inf i^^^^ < 

which shows (3.6) holds true. □ 

Remcirk 3.1. For a stable minimal hypersurface there is the stability inequality, 
which is one of main ingredient for Schoen-Simon- Yau's curvature esimates for sta- 
ble minimal hypersurfaces. For minimal submanifolds with the Gauss image restric- 
tion we have stronger inequality as shown in (3.6) 



curvature estimates for minimal submanifolds 11 
4. Curvature estimates of Schoen-Simon-Yau type 

Replacing (j) by in (3.6) gives 

J M ^ J M 

(4.1) ^hl + qf [ |S|2^|V|S||V*1 + J / |5|2+2^|V0|'*1 

+ (l + g) / \B\^+^''V\B\-(f)V(f)*l. 
Jm 

Prom (2.9) we can derive 

(4.2) —\V\B\f<\B\A\B\ + -\B\\ 

mn ' ' 2 

Multiplying with both sides of (4.2) and integrating by parts, we have 

2 



(4.3) 



= -/ v|5|-v(|sp+V)*i + ^ / 

Jm 2 Jjv^ 

= -(l + 2g) / |5|'^|V|5||'0'*1 

JM 

-2/ |S|i+2«V|S| ■0V0*1 + - /" 
7m 2 7m 

By multiplying | with both sides of (4.1) and then adding up both sides of it and 
(4.3), we have 

(— + l + 2g-^(l + g)2) / |5|2^|V|5||V*1 

/ |S|2+2'?|V0|2*1+ (^(l + g)-2) / |5|i+29V|5| -^V^^l. 
Jm 2 

By using Young's inequality, 

(^(l + g)-2)£|S|i+2''V|i?|-0V0*l 

<£/ |S|2«|V|5||V*l + Ci(£,g) / |S|2+2«|V0p*l. 
Jm jm 

Then (4.4) becomes 

(— + l + 2g-^(l + g)2-£) / |S|^«|V|S||V*1 
(4.5) ^ „ 

Jm 



(4.4) 

< - 

- 4 
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When 



4.6 ge 0,- + -Wl + — 

L 3 3 V rnn / 

we have 

— + l + 2g-^(l + g)2>0. 
Then we can choose e sufficiently small, such that 

(4.7) / |B|2<?|V|B||V'*1 < <^3 / |S|2+29|V0|2*1 

where C3 only depends on n, m and q. 
Again using Young's inequality yields 

(4.8) |S|^+2«V|B| •</.V(/.< ^(|S|'^|V|S|f0' + |5|2+2«|V0|'). 
Substituting (4.7) and (4.8) into (4.1) gives 

(4.9) / < C4(n,m,g) / |S|2+2«|V0|' * 1. 

Replacing by 0^"*"^ in (4.9) gives 

/ |S|^+V+2g^^<^^^2 + g)2 /" |5|2+V+''|V(/>|'*1. 

Jm 

By Holder inequality, we have 

M 



Jm 



Therefore 



(4.10) / * 1 < C / |V(/.|^+2« * 1. 

Jm Jm 

where C is a constant only depending on n, m and q. 
Replacing by 0^+^ in (4.9) gives 

! |B|^+V''*l<C4(l + g)' / |5|2+V|V<^|'*1. 
Jm J m 

By Holder inequality, we have 

j |S|2+V|V(/.|'*1 
Jm 

Jm Jm 
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Therefore 

(4.11) / < c*' / i5nv0|2+'''*i. 

Jm Jm 
where C" is a constant only depending on n, m and q. 

Let r be a function on M with | Vr| < 1. For any R e [0, i?o], where Ro — supf^ r, 
suppose 

Mr^{x e M, r<R} 

is compact. 

(4.10) enables us to prove the following results. 

Theorem 4.1. Let M be an n-dimensional minimal suhmanifolds o/M""*""^. If the 
Gauss image of Mr is contained in an open geodesic hall of radius ^tt in Gn^^, 
then we have the W -estimate 

(4.12) l|l^l|L.(M,,) ^ C{n,m,p){l-e)-'R-'Vol{MR)'v 
for arbitrary 9 e (0, 1) and 



p e 



..24/^ 6 
4,4 + - + -Wl + — 
6 6\ mn 



Proof. Take G C'^{Mr) to be the standard cut-off function such that = 1 in 
Mqr and IV0I < C(l - e)-^R-^; then (4.10) yields 



/ 



isi^* * 1 < C(l - e)-PR-PVo\{MR), 
where p = 4 + 2q. Thus the conclusion immediately follows from (4.10). □ 

5. Curvature estimates of Ecker-Huisken type 

We compute from (2.9) and (3.5): 

A{\B\'^hl) 
= A\B\^P ■hl + \B\^PAhl + 2V\B\^'' -Vhl 
= (p\B\^P-^A\B\^ + p{p - l)\B\^P-^\\/\B\''\^yi 

+ \B\^P{qht^Ah2 + q{q - l)/ir'l V/^sr) + 4pq\B\^''-'W\B\ ■ hl'^Whi 

> (4g - 3p)\B\^P+'hl + 2p{2p - 1 + ^)\B\^p-^\V\B\\\1 + q{q + \)\B\^^hl-''\Vh2 

+4pg|S|2P-V|5| ■ ht\h2. 
By Young's inequality, when 2p(2p — 1 + ^) • q{q + |) > (2pg)^, i.e., 
, , 11. 2 . 
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the inequality 

(5.2) 

holds. Especially, 
(5.3) 

whenever 
(5.4) 
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A{\B\'Phl)>{Aq-3p)\B\'P+'hl 



p > mn — 1. 



Let 77 be a smooth function with compact support. Integrating by parts in con- 
junction with Young's inequality lead to 

iBl^Ph^rj^P * 1 < - / \B\P-^hlrj^PA{\B\P-^hl) * 1 

V{\Br'hlrf^)-V{\Br'hl)*l 



v{\Br'hi) 



(5.5) 



M 

- \ I \B\P-^hl ■ 2prfP-^Vr] ■ V{\B\P-^hl) * 1 
3 Jm 



V 



2f *1 + 



v{\Br'hi) 



<-\l v{\Br'hl) 

-J JM 

+ 1 f p^\B\^P-^hlfj''P-^\Vv\'*l 
3 Jm 

3 Jm 
By Holder inequality, 

\B\^P-Xv''"'\'^v\'*'^ 

(5.6) = / |i?P^-2/irV^~'-^2|V?7|2*l 

Jm 

< ( 1^ \B\V,r,'^ * ( /m * ' • 

By (5.5) and (5.6), we finally arrive at 

(5.7) ( [ |S|W-*l)^<^p^f / hl\Vv\''*l)K 



M 



Take rj e C^(Mr) to be the standard cut-ofi^ function such that ry = 1 in Mqr 
and |V?7| < C(l — 9)~^R~^; then from (5.7) we have the following estimate. 
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Theorem 5.1. Let M be an n-dimensional minimal suhmanifolds ofM"'^'^. If the 
Gauss image of Mr is contained in an open geodesic ball of radius ^tt in Gn,m, 
then there exists Ci — Ci{n,m), such that 

(5-8) lll^l'^2L.(M.«) < C2{p){i - orn-^hW^,^^^^ 

whenever p > Ci and 9 e (0, 1). 

Furthermore, the mean value inequality for any subharmonic function on minimal 
suhmanifolds in M"*+" (ref. [4], [17]) can be applied to yield an estimate of the upper 
bound of \B\^. 

Let Br{x) C M"*"^" be a ball of radius R and centered at a; e M. Its restriction 
on M is denoted by 

Dr{x) = Br{x) n M 



Theorem 5.2. Let x G M, R > such that the image of Dr{x) under the Gauss 
map lies in an open geodesic hall of radius ^tt in Gn,m- Then, there exists Ci — 
Ci{n,m), such that 

(5.9) iBl^^^ix) < C{n,p)R-^''+^P\ sup h2y^Vol{DR{x)), 

Dr{x) 



for arbitrary p> C 



Proof. Choose q — p> mn—1 which satisfies (5.1). The inequality (5.2) means that 
|Sp^/i2 is a subharmonic function on the minimal submanifold M. By Theorem 5.1 
and the mean value inequality, 

\B\V,{x)<^ [ \B\V,*1 

T 

- £M|||R|2/, \\P 

(5.10) 

C;(n)^(p)^ 

\2) ^Ri^) 



whenever p > Ci{n, m). 



□ 
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6. Geometric conclusions 



Let Pq G Gn,m be a fixed point which is described by 

Po = ^1 A ■ ■ ■ A £„, 

where £i, • • • ,Sn are orthonormal vectors in Choose complementary orthonor- 

mal vectors £n+i, • • • , £n+m, such that {^i, ■ ■ ■ , £n+i, ■ ■ ■ ) ^n+m} is an orhtonormal 
base in R"*+". 

Let p : 1^™-+"- — ;> be the natural projection defined by 

nf^^ . . . T-"- 'r"+^ . . . rr"^+'^\ — (^^ . . . 

which induces a map from M to M". It is a smooth map from a complete manifold 
to M". 

For any point a: G M choose a local orthonormal tangent frame field {ei, • • • , e„} 
near Let v = UjCj e TM. Its projection 

P*V — {Vi€i, £j — Vi (Cj, £j) £j- 

For any P e 7(M), 

w =■ (P, Po) = (ei A • • • A e„, £i A • • • A £„) = det W, 
where W — ((cj, £j)). It is well known that 

W^W = O^AO, 
where O is an orthogonal matrix and 

/a; on 

A= ••. , r — min{m,n), 

\ X'J 

where each < Af < 1. 

We now compare the length of any tangent vector v to M with its projection p^v. 

n 

\pM' = Y^^Vi {ei,£j)f = {WVfWV, 
i=i 

where V — {vi, - ■ ■ , Vn)^. Hence, 

(6.1) \p^v\^ > (A')>|^ > w^\v\'^ > wl\v\\ 

where A' = minj{Aj} and Wq — iniM w. The induced metric ds^ on M from ]R"*+" is 
complete, so is the homothetic metric ds^ — vo^ds^ whenever wq > 0. (6.1) implies 

p : (M, ds^) — > (M", canonical metric) 
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increases the distance. It follows that p is a covering map from a complete manifold 
into , and a diffeomorphism, since M" is simply connected. Hence, the induced 
Riemannian metric on M can be expressed as (M", ds^) with 

ds^ — Qijdx^ dx-' . 

Furthermore, the immersion F : M ^ ]R"*+" is realized by a graph (x,f{x)) with 
/ : E" ^ E"* and 



9ij — ^ij ~l~ 



dx'^ dx^ 



At each point in M its image n-plane P under the Gauss map is spanned by 

f- 

^'-^'^ dx' 

It follows that 

|/iA---A/„r = det U. + Y,^^"^^^^ 

and 

l/i A--- A/„|. 

The n-plane P is also spanned by 

Pi = g~^fi, 



dx' dx^ 



furthermore. 
We then have 



bi A • • • Apnl = 1. 

(P,Po) = det((£„p,)) 

/ 



\ 2n 

1 

— >Wq 



and 

(6.2) ^ 



Wo 



Now, 



Dr{x) — {(x, f{x)) : X e /i, • • • , fm are smooth functions on Jl} 
where Q G Br G R". Then (6.2) implies 

(6.3) Vol(D«(x)) < i- ■ Vol{n) < ^C{n)K^\ 

The previous arguments show that 
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Proposition 6.1. Let M be a complete submanifold in If the w— function is 

bounded below by a positive constant wq. Then M is an entire graph with Euclidean 
volume growth. In particular, if the Gauss image of M is contained in a geodesic 
ball of radius ^tt, then M is an entire graph with Euclidean volume growth. 



Proof. Now, we consider the case of the image under the Gauss map 7 containing in 
an open geodesic ball of radius ^tt and centered at Pq- The Jordan angles between 
P and Pq are 

9i = cos~^(Aj), 

where Xj are eigenvalues of the symmetric matrix W'^W [24] . We know that 

w = Y\ cos 6*2. 

On the other hand, the distance between Pq and P (see [27], pp. 188-194) 

^(^0, P) = ^JYJi 
which is less than ^tt by the assumption. It follows that 



w > Wq — 




Theorem 4.1, Schoen-Simon-Yau's type estimates, and Proposition 6.1 give us 
the following Bernstein type theorem. 

Theorem 6.1. Let M be a complete minimal n- dimensional submanifold in M"+™ 
with n < 6 and rn > 2. If the Gauss image of M is contained in an open geodesic 
ball of Gn,m centered at Pq and of radius -^tt, then M has to be an affine linear 
subspace. 



Proof. Now we choose 



2 4/ 6 

/> = 4 + - + -Wl + >6. 

6 6 \ mn 



Fix a: e M and let r be the Euclidean distance function from x and Mr — Dr{x). 
Hence, letting R —>■ +00 in (4.12) yields 

III^ILp(m) = 0- 

i.e., = 0. M has to be an affine linear subspace. □ 



Theorem 5.2 and Proposition 6.1 yield a Bernstein type result as follows. 
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Theorem 6.2. Let M he a complete minimal n- dimensional submanifold in 

// the Gauss image of M is contained in an open geodesic ball of Gn,m centered at 

Pq and of radius ^tt, and (^tt — p o 7) has growth 

(6.4) (^7r-po7)-^ = o(i?), 

where p denotes the distance on Gn,m from Pq and R is the Euclidean distance from 
any point in M. Then M has to be an affine linear subspace. 

Proof. Now we claim 

/2 

(6.5) sec(^p) < C(^7r - p) 

for a positive constant C. It is sufficient to prove the function 

t e [0, ^tt) ^ sec(V2t)(^7r - t) 
is bounded, which follows from 

lim sec(V2t)(^n-t)= lim -^——^ lim r= — ^ ^ 

M^T)- ^4 ^ cos(V2i) -v^sin(v^t) 2 

Hence we arrive at the inequality 

(6.6) h2<C (^^Tv- poj 

Thus, for any point x e M, by Theorem 5.2 and Proposition 6.1, we have 

iBl^^ix) < C{n,p)R-^P I ^7r-po7 
Letting R +00 in the above inequality forces |-B(a:)| = 0. □ 

From (4.11) it is easy to obtain the following result. 

Theorem 6.3. Let M be an n-dimensional com,plete minimal submanifolds o/M"+'", 
if the Gauss image of M is contained in an open geodesic ball in Gn,m of radius ^tt 
and M has finite total curvature, then M has to be an affine linear subspace. 

For a minimal n— submanifold in ]R"*+", if its Gauss image is contained in an open 
geodesic ball on Gn,m of radius -^tt, there is a positive function hi = cos(v^p o 7). 
Then the strong stability inequality (3.6) follows. Besides its key role in S-S-Y's 
estimates, there are other applications. We state following results, whose detail 
proof can be found in the previous paper of the first author [28] . 
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Theorem 6.4. Let M be a complete minimal n-suhmanifold in R^^^". If the image 
under the Gauss map is contained in an open geodesic hall in Gn,m of radius ^t^- 
Then any L"^ -harmonic 1-form vanishes. 

Theorem 6.5. Let M be one as in Theorem 6.4, N he a manifold with non-positive 
sectional curvature. Then any harmonic map f : M ^ N with finite energy has to 
be constant. 

The argument in [3] and Theorem 6.4 give 
Theorem 6.6. Let M be one as in Theorem 6.4. Then M has only one end. 
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